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Abstract
Cunningham and Geelen introduced the independent path-matching problem as a common generalization of the weighted
matching problem and the weighted matroid intersection problem. Associated with an independent path-matching is an independent
path-matching vector. The independent path-matching polytope of an instance of the independent path-matching problem is the
convex hull of all the independent path-matching vectors. Cunningham and Geelen described a system of linear inequalities defining
the independent path-matching polytope. In this paper, we characterize which inequalities in this system induce facets of the
independent path-matching polytope, generalizing previous results on the matching polytope and the common independent set
polytope.
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1. Introduction
Cunningham and Geelen [2] introduced the notion of independent path-matchings as a common generalization of
the weighted matching problem and the weighted matroid intersection problem. They defined an independent path-
matching as follows. Let G = (V, E) be a simple undirected graph without isolated vertices such that V is the disjoint
union of T1, T2, and R, where T1 and T2 are stable sets. (A set of vertices is stable if no two vertices in the set are
adjacent.) The sets T1 and T2 are called terminal sets of G and are sometimes denoted by T1(G) and T2(G). The set R
is sometimes denoted by R(G). Let M1 and M2 be loopless matroids on T1 and T2, respectively, with corresponding
rank functions r1 and r2. An independent path-matching of (G,M1,M2) is a set K ⊆ E such that every component
of the graph G[K ] (the graph induced by the edge-set K ) is a simple path from T1 ∪ R to T2 ∪ R, all of whose internal
vertices are in R and such that, for i = 1 and 2, the set of vertices of Ti in any of these paths is independent in Mi .
An edge that is in a one-edge component in R is called a matching edge of K . Using the terminology of Frank and
Szego˝ [6], the value of K is defined to be |K | + |K ′|, where K ′ denotes the set of the matching edges of K .
A pair of subsets D1 ⊆ T1 ∪ R, D2 ⊆ T2 ∪ R is called stable if no edge of G joins a vertex in D1\D2 to a vertex in
D2, or a vertex in D2\D1 to a vertex in D1. Let odd(G) denote the number of components of G having an odd number
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of vertices. For a subset S ⊆ V , let G[S] denote the subgraph of G induced by S. Cunningham and Geelen [2] proved
the following min–max formula:
Theorem 1. The maximum value of an independent path-matching is equal to
min
stable(D1,D2)
r1(T1\D1)+ r2(T2\D2)+ |R\(D1 ∪ D2)| + |R| − odd(G[D1 ∩ D2]). (1)
Theorem 1 generalizes the Tutte–Berge matching formula and Edmonds’ matroid intersection min–max theorem.
A subset X ⊆ V is called a cut separating the terminal sets T1 and T2 if, in the graph G − X , there is no path
joining a vertex in T1\X to a vertex in T2\X . For a subset X ⊆ V , let oddG(X) denote the number of odd components
of G − X disjoint from T1 ∪ T2. Frank and Szego˝ [6] noted that Theorem 1 is equivalent to the following:
Theorem 2. The maximum value of an independent path-matching is equal to
|R| + min
X,a cut
(r1(T1 ∩ X)+ r2(T2 ∩ X)+ |R ∩ X | − oddG(X)). (2)
Frank and Szego˝ [6] gave a purely combinatorial proof of Theorem 2 in the special case when M1 and M2 are
free matroids. They remarked that the general case can be proved using similar arguments and standard techniques in
matroid theory. (Cunningham and Geelen [2] gave two proofs of Theorem 1: one uses the Tutte-matrix and the other
uses polyhedral methods.)
Given an independent path-matching K , the independent path-matching vector corresponding to K is the vector
ψK ∈ RE such that, for every e ∈ E ,
ψKe =
1 if e ∈ K\K
′,
2 if e ∈ K ′,
0 if e 6∈ K
where K ′ is the set of matching edges of K . Let K∗(G,M1,M2) denote the set of independent path-matchings of
(G,M1,M2). The independent path-matching polytope of (G,M1,M2), denoted by IP(G,M1,M2), is the convex
hull of {ψK : K ∈ K∗(G,M1,M2)}. Cunningham and Geelen [2] proved the following:
Theorem 3. IP(G,M1,M2) is the set of all x ∈ RE satisfying:
x(δ(v)) ≤ 2 (v ∈ R) (3)
x(γ (S)) ≤ |S| − 1 (S ⊆ R, |S| odd) (4)
x(γ (S)) ≤ |S ∩ R| (i ∈ {1, 2}, Ti ⊂ S ⊆ Ti ∪ R) (5)
x(δ(A)) ≤ ri (A) (i ∈ {1, 2}, A ⊆ Ti ) (6)
x ≥ 0. (7)
Here, δ(S) denotes the set of edges with exactly one end in S, and γ (S) denotes the set of edges with both ends in
S. For convenience, δ({v}) is abbreviated as δ(v). We call inequalities (3) degree inequalities, inequalities (4) blossom
inequalities, inequalities (5) cap inequalities, inequalities (6) rank inequalities, and inequalities (7) non-negativity
inequalities.
As mentioned in [2], specializing Theorem 3 to the case when T1 = T2 = ∅ gives the following classical result due
to Edmonds [4]:
Theorem 4. Let G = (V, E) be a graph. Let MP(G) denote the matching polytope of G; that is, the convex hull of
incidence vectors of matchings of G. ThenMP(G) is the set of all x ∈ RE satisfying:
x(δ(v)) ≤ 1 (v ∈ R)
x(γ (S)) ≤ (|S| − 1)/2 (S ⊆ R, |S| odd)
x ≥ 0.
(Theorem 3 in fact gives a description by linear inequalities of twiceMP(G).)
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Also, specializing Theorem 3 to the case when R = ∅ and G consists of a perfect matching joining T1 to T2 gives
another classical result that is also due to Edmonds [5]:
Theorem 5. Let CP(M1,M2) denote the common independent set polytope of M1 and M2; that is, the convex hull of
incidence vectors of common independent sets of two matroids M1,M2 on E with rank functions r1, r2, respectively.
Then CP(M1,M2) is the set of all x ∈ RE satisfying:
x(A) ≤ r1(A) (A ⊆ E)
x(A) ≤ r2(A) (A ⊆ E)
x ≥ 0.
Cunningham and Geelen [2] also showed that the system of Theorem 3 is totally dual integral (TDI), generalizing
previous results for the matching polytope [3] and the common independent set polytope [5]. (A system Ax ≤ b of
linear inequalities is totally dual integral if, for every integral vector c for which the problem min{bT y : AT y =
c, y ≥ 0} has an optimal solution, it has an optimal solution that is integral.)
Pulleyblank and Edmonds [8] characterized the facets of MP(G), proving the following (see also p. 446 of [9] for
a short proof):
Theorem 6. Let G = (V, E) be a graph. Let I = {v ∈ V : deg(v) ≥ 3, or deg(v) = 2 and v is contained in no
triangle, or deg(v) = 1 and the neighbour of v also has degree 1}, and B = {U ⊆ V : |U | ≥ 3 is odd, G[U ] is
factor-critical and 2-connected}. (A graph G is factor-critical if G − v has a perfect matching for each vertex v of
G.) Then
(i) x(δ(v)) ≤ 1 is facet-inducing if and only if v ∈ I ;
(ii) x(γ (S)) ≤ (|S| − 1)/2 is facet-inducing if and only if S ∈ B;
(iii) xe ≥ 0 is facet-inducing for all e ∈ E.
Giles [7] characterized which inequalities in Theorem 5 are facet-inducing. If CP(M1,M2) is full-dimensional,
then the inequality xe ≥ 0 is facet-inducing for every e ∈ E . Giles proved the following for the other inequalites (see
also p. 718 of [9] for a short proof):
Theorem 7. Let M1 and M2 be loopless matroids on E with rank functions r1 and r2, respectively. For U ⊆ E, define
r(U ) := min{r1(U ), r2(U )}. Then, for U ⊆ E, the inequality
x(U ) ≤ r(U )
is facet-inducing for CP(M1,M2) if and only if U cannot be partitioned into non-empty proper subsets S1, S2 with
r(U ) ≥ r(S1)+ r(S2)
and there is no proper superset U ′ of U with r(U ′) ≤ r(U ).
The goal of this paper is to give a common generalization of Theorems 6 and 7 by characterizing which of the
inequalities in Theorem 3 are facet-inducing.
The rest of this section is spent on notation and some facts in polyhedral theory used in this paper. We refer the
readers to [1] for basic results in matroid theory and polyhedral theory.
Let G = (V, E) be a graph and S ⊆ V . The set of vertices in V \S adjacent to some vertex in S is denoted by
NG(S) (or simply N (S) if the graph in context is clear). For convenience, NG({v}) and N ({v}) are abbreviated as
NG(v) and N (v), respectively.
Let E be a finite set and let S be a subset of E . Denote the incidence vector of e ∈ E by χe. For a vector a ∈ RE ,
define supp(a) := {e ∈ E : ae 6= 0}. Define a|S to be the projection of a onto RS . Let P ⊂ RE be a polytope. Denote
the projection of P onto S by P|S ; that is, P|S := {x |S : x ∈ P}. An inequality aT x ≤ b is non-trivial if a 6= 0.
A subset F ⊆ P is called a face of P if F = {x ∈ P : aT x = b} for some inequality aT x ≤ b valid for P . We
say aT x ≤ b induces the face F . A facet of P is a face of P having dimension dim(P) − 1. A valid inequality is
facet-inducing if it induces a facet.
Let M be a matroid on E and let r be its rank function. Let S ⊆ E . The matroid obtained from deleting the elements
in S is denoted by M\S. The matroid obtained from contracting the elements in S is denoted by M/S. We say that S
is closed (with respect to M) if r(U ) > r(S) for every proper superset U of S. For convenience, M\{v} and M/{v}
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are written as M\v and M/v, respectively. Let N be a matroid on F such that E ∩ F = ∅. The union of M and N is
denoted by M ⊕ N .
We now state some useful results in polyhedral theory.
Theorem 8. Let P be a full-dimensional polytope. Any two inequalities that induce the same facet of P are positive
scalar multiples of each other.
An immediate corollary is the following:
Corollary 9. Let P := {x : aTi x ≤ bi , i = 1, . . . ,m} be a full-dimensional polytope with ai 6= 0 for all
i = 1, . . . ,m. Let aT x ≤ b be a valid inequality for P. If, for some integer k > 0, there exist λ1, . . . , λk > 0
and {i1, . . . , ik} ⊆ {1, . . . ,m} such that
k∑
j=1
λ jai j = a,
k∑
j=1
λ jbi j ≤ b
and a is not a positive scalar multiple of ai j for every j ∈ {1, . . . , k}, then aT x ≤ b is not facet-inducing.
Proof. Suppose that aT x ≤ b is facet-inducing and such λs exist. Let F be the facet induced by aT x ≤ b. Then, for
any x¯ ∈ F ,
b = aT x¯ =
k∑
j=1
λ ja
T
i j x¯ ≤
k∑
j=1
λ jbi j ≤ b.
Hence, equality holds throughout, implying that F is contained in the face induced by aTi j x ≤ bi j for every
j ∈ {1, . . . , k}. As ai 6= 0 for all i , it follows that, for every j ∈ {1, . . . , k}, aTi j x ≤ bi j is facet-inducing and
thus, by Theorem 8, is a positive scalar multiple of aT x ≤ b, which is a contradiction. 
Corollary 10. Let P ⊂ RE be a full-dimensional polytope. Let aT x ≤ b and cT x ≤ d be non-trivial valid inequalities
for P such that {x ∈ P : aT x = b} ⊆ {x ∈ P : cT x = d}. Let S = supp(a) and F = {x ∈ P : aT x = b}. If
supp(c) ⊆ S and F |S is a facet of P|S , then cT x ≤ d is a positive scalar multiple of aT x ≤ b.
Proof. Let F ′ = F |S and P ′ = P|S . Since ae = ce = 0 for all e 6∈ S and c 6= 0, both aT x ≤ b and cT x ≤ d induce
the facet F ′ of P ′. Since P ′ is a full-dimensional polytope in RS , the result follows from Theorem 8. 
2. Facet-inducing inequalities
Let P := {x ∈ RE : aTi x ≤ bi , i = 1, . . . ,m} be a full-dimensional polytope. Given i ∈ {1, . . . ,m}, three
common methods for showing that aTi x ≤ bi is facet-inducing are:
(1) display |E | affinely independent vectors in P that satisfy aTi x ≤ bi with equality;
(2) show that any non-trivial inequality cT x ≤ d valid for P such that {x ∈ P : aTi x = bi } ⊆ {x ∈ P : cT x = d}
must be a positive scalar multiple of aTi x ≤ bi ;
(3) exhibit a point that violates aTi x ≤ bi but satisfies the remaining inequalities defining P .
We will use each of the above methods in this paper to determine the facet-inducing inequalities for IP(G,M1,M2).
2.1. Non-negativity inequalities
Since M1 and M2 are loopless, {e} is an independent path-matching of (G,M1,M2) for every e ∈ E . Since
0 ∈ IP(G,M1,M2), IP(G,M1,M2) is full-dimensional and the next result is immediate.
Theorem 11. The inequality xe ≥ 0 induces a facet of IP(G,M1,M2) for all e ∈ E.
Proof. The zero vector and the vectors ψ { f } for all f ∈ E\e give |E | affinely independent vectors that satisfy xe ≥ 0
with equality. 
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2.2. Degree inequalities
Theorem 12. The inequality x(δ(v)) ≤ 2 is facet-inducing if and only if one of the following holds:
(i) |N (v) ∩ R| +min{1, |N (v) ∩ T1|} +min{1, |N (v) ∩ T2|} ≥ 3;
(ii) N (v) ∩ R = {u} and, for some i ∈ {1, 2}, N (u) ∩ Ti = ∅, N (v) ∩ Ti 6= ∅, and N (v) ∩ T3−i = ∅;
(iii) N (v) = {u, w} ⊆ R and uw 6∈ E;
(iv) N (v) = {u} ⊆ R with deg(u) = 1.
Proof. We first show necessity. Suppose none of (i)–(iv) is true. Then |N (v) ∩ R| + min{1, |N (v) ∩ T1|} +
min{1, |N (v) ∩ T2|} ≤ 2 and we are in one of the following cases:
Case 1: N (v) ∩ R = ∅.
If min{1, |N (v) ∩ T1|} +min{1, |N (v) ∩ T2|} = 1, then N (v) ∩ Ti 6= ∅ and N (v) ∩ T3−i = ∅ for some i ∈ {1, 2}.
Hence, δ(v) = γ ({v} ∪ Ti ) and the cap inequality x(γ ({v} ∪ Ti )) ≤ 1 shows that x(δ(v)) ≤ 2 induces the empty face.
If min{1, |N (v)∩T1|}+min{1, |N (v)∩T2|} = 2, then N (v)∩T1 6= ∅ and N (v)∩T2 6= ∅ and x(δ(v)) ≤ 2 is the sum
of the cap inequalities x(γ ({v}∪ T1)) ≤ 1 and x(γ ({v}∪ T2)) ≤ 1. By Corollary 9, x(δ(v)) ≤ 2 is not facet-inducing.
Case 2: N (v) ∩ R = {u} and, for some i ∈ {1, 2}, N (u) ∩ Ti 6= ∅, N (v) ∩ Ti 6= ∅, and N (v) ∩ T3−i = ∅.
Let S = {u, v} ∪ Ti . Then γ (S)\δ(v) 6= ∅, and x(δ(v)) ≤ 2 is the sum of the cap inequality x(γ (S)) ≤ 2 and
−xe ≤ 0 for all e ∈ γ (S)\δ(v). By Corollary 9, x(δ(v)) ≤ 2 is not facet-inducing.
Case 3: N (v) = {u, w} ⊆ R and uw ∈ E .
Then x(δ(v)) ≤ 2 is the sum of the blossom inequality x(γ ({u, v, w})) ≤ 2 and the inequality −xuw ≤ 0. By
Corollary 9, x(δ(v)) ≤ 2 is not facet-inducing.
Case 4: N (v) = {u} ⊆ R and deg(u) > 1.
Then x(δ(v)) ≤ 2 is the sum of the degree inequality x(δ(u)) ≤ 2 and the inequalities −xe ≤ 0 for all
e ∈ δ(u)\{uv}. By Corollary 9, x(δ(v)) ≤ 2 is not facet-inducing.
We now show sufficiency by constructing |E | affinely independent vectors that satisfy x(δ(v)) ≤ 2 with equality.
First, note that δ(v) ∩ γ (R) 6= ∅. For each e ∈ δ(v) ∩ γ (R), let Ke = {e}; for each e ∈ δ(v)\γ (R), let Ke = {e, f },
where f is an edge in δ(v) ∩ γ (R); for each e ∈ E\δ(v), if N (v) ∩ R = {u} and e is incident with u, then let
Ke = {e, uv, vw} for some w ∈ N (v) ∩ (T1 ∪ T2) such that Ke is an independent path-matching; otherwise, let
Ke = {e, f }, where f is an edge in δ(v) ∩ γ (R) that does not meet e. Note that each ψKe satisfies x(δ(v)) ≤ 2 with
equality and {ψKe , e ∈ E} is an affinely independent set. The result now follows. 
2.3. Blossom inequalities
These inequalties come from the blossom inequalities for the matching polytope and the results there carry over to
the current setting. We first prove an elementary lemma that will also be used when we consider the rank inequalities.
Lemma 13. Let (G,M1,M2) and (G ′,M ′1,M ′2) be instances of the independent path-matching problem such that
G ′ is a subgraph of G, T1(G ′) = T1(G) ∩ V (G ′), T2(G ′) = T2(G) ∩ V (G ′), M ′1 = M1\(T1(G)\T1(G ′)), and
M ′2 = M2\(T2(G)\T2(G ′)). Then IP(G,M1,M2)|E(G ′) = IP(G ′,M ′1,M ′2).
Proof. Let P = IP(G ′,M ′1,M ′2) and Q = IP(G,M1,M2)|E(G ′). Clearly, every independent path-matching of
(G ′,M ′1,M ′2) is also an independent path-matching of (G,M1,M2). Hence, P ⊆ Q.
We now show that Q ⊆ P . Let x ∈ Q. Let y ∈ IP(G,M1,M2) be such that x = y|E(G ′). Let K1, . . . , Km be
independent path-matchings of (G,M1,M2) such that
y =
k∑
i=1
λiψ
Ki
for some λ1, . . . , λm > 0 with
∑m
i=1λi = 1. To show that x ∈ P , it suffices to show that ψKi |E(G ′) ∈ P for
i = 1, . . . ,m. For i ∈ {1, . . . ,m}, K ′i := Ki ∩ E(G ′) is an independent path-matching of (G ′,M ′1,M ′2). Furthermore,
for any e ∈ E(G ′), either ψK ′ie = ψKie or ψK
′
i
e = 2 and ψKie = 1. Let Si = {e ∈ E(G ′) : ψK
′
i
e 6= ψKie }. Since
K ′i\Si is an independent path-matching of (G ′,M ′1,M ′2) and every edge in Si is a matching edge of K ′i , we have
ψKi |E(G ′) = 12ψK
′
i + 12ψK
′
i\Si ∈ P , as desired. 
116 K.K.H. Cheung / Discrete Optimization 3 (2006) 111–122
Theorem 14. The inequality x(γ (S)) ≤ |S| − 1 is facet-inducing if and only if |S| ≥ 3 is odd, G[S] is factor-critical
and 2-connected.
Proof. Let B = {S ⊆ V : |S| ≥ 3 is odd, G[S] is factor-critical and 2-connected}. Let Q = IP(G,M1,M2)|γ (S).
By Lemma 13, we see that Q = 2MP(G[S]). Hence, necessity follows from the fact that S ∈ B is necessary
for x(γ (S)) ≤ (|S| − 1)/2 to be facet-inducing for MP(G[S]) (Theorem 6). In fact, if S 6∈ B, the inequality
x(γ (S)) ≤ |S| − 1 either induces the empty face or can be written as an integer linear combination of non-negativity
inequalities, degree inequalities, and other blossom inequalities. This follows from the fact that the facet-inducing
inequalities of Theorem 6 give a TDI system (see [3]).
To prove sufficiency, let F denote the face of IP(G,M1,M2) induced by x(γ (S)) ≤ |S| − 1. Let cT x ≤ d be a
non-trivial valid inequality satisfied with equality by every x ∈ F . We show that cT x ≤ d must be a positive scalar
multiple of x(γ (S)) ≤ |S| − 1. We claim that ce = 0 for all e ∈ E\γ (S). Let e ∈ E\γ (S). Since G[S] is factor-
critical, there exists a matching K of G[S] of cardinality (|S| − 1)/2 such that K ∪ {e} is a matching of G. As M1
and M2 are loopless matroids, K ∪ {e} is an independent path-matching of (G,M1,M2). Clearly, both ψK , ψK∪{e}
satisfy x(γ (S)) ≤ |S| − 1 with equality. Therefore, ψK , ψK∪{e} ∈ F , implying that ce = 0. This proves our claim.
As x(γ (S)) ≤ |S| − 1 induces a facet of Q (Theorem 6), by Corollary 10, cT x ≤ d is a positive scalar multiple of
x(γ (S)) ≤ |S| − 1, as desired. 
2.4. Cap inequalities
We first state a lemma that follows immediately from Theorem 2.
Lemma 15. If r1(T1 ∩ X) + r2(T2 ∩ X) + |R ∩ X | − oddG(X) ≥ 1 for every cut X, then any independent path-
matching of maximum value must contain a path joining a vertex in T1 and a vertex in T2.
Theorem 16. Let i ∈ {1, 2} and let S be such that Ti ⊂ S ⊆ Ti ∪ R. The inequality
x(γ (S)) ≤ |S ∩ R| (8)
is facet-inducing if and only if G[S ∩ R] is connected and one of the following holds:
(i) S∩R = {u} such that N (u)∩Ti 6= ∅ and, for each A ⊆ Ti with N (u)∩Ti ⊆ A, either ri (A) > 1 or δ(A) = γ (S);
(ii) |S ∩ R| = 2 such that, for any v ∈ S ∩ R, γ (S) is not a proper subset of δ(v);
(iii) |S ∩ R| ≥ 3 and all of the following hold:
(a) N (S ∩ R) ∩ Ti 6= ∅;
(b) ri (Ti ∩ X)+ |R ∩ X | − oddG[S](X) ≥ 1 for every non-empty X ⊆ S;
(c) G[S] − v does not have a component disjoint from Ti for every v ∈ S ∩ R.
Proof. By symmetry, we may assume that i = 1. We first show that it is necessary that G[S∩R] is connected. Suppose
not. Let k denote the number of components of G[S ∩ R] and let V1, . . . , Vk be the vertex-sets of the components. If
N (V j ) ∩ T1 6= ∅ for all j ∈ {1, . . . , k}, then γ (S) 6= γ (V j ∪ T1) for all j ∈ {1, . . . , k}. Adding the cap inequalities
x(γ (V j∪T1)) ≤ |V j | for all j = 1, . . . , k gives (8). By Corollary 9, (8) is not facet-inducing. Suppose N (V j )∩T1 = ∅
for some j . If there exists such j for which |V j | is odd, then adding the blossom inequality x(γ (V j )) ≤ |V j | − 1 and
the cap inequality x(γ (S\V j )) ≤ |(S\V j ) ∩ R| gives x(γ (S)) ≤ |S ∩ R| − 1, implying that (8) induces the empty
face. Otherwise, pick any j such that N (V j ) ∩ T1 = ∅. Let w ∈ V j and W = V j\{w}. Adding the degree inequality
x(δ(w)) ≤ 2, the blossom inequality x(γ (W )) ≤ |W | − 1, the cap inequality x(γ (S\V j )) ≤ |(S\V j ) ∩ R|, and the
inequalities −xe ≤ 0 for all e ∈ δ(w)\γ (V j ) gives (8). Observe that none of δ(w), γ (W ), and γ (S\V j ) are equal to
γ (S). By Corollary 9, (8) is not facet-inducing.
We now assume that G[S ∩ R] is connected and consider three cases.
Case 1: |S ∩ R| = 1.
Let u denote the only vertex in S ∩ R. Suppose that (i) does not hold. If N (u)∩ T1 = ∅, then (8) induces the empty
face. If N (u)∩T1 6= ∅, then there exists A ⊆ T1 with N (u)∩T1 ⊆ A such that r1(A) = 1 and δ(A)\γ (S) 6= ∅. Adding
the rank inequality x(δ(A)) ≤ r1(A) and the inequalities −xe ≤ 0 for all e ∈ δ(A)\γ (S) gives (8). By Corollary 9,
(8) is not facet-inducing. Conversely, suppose that (i) holds. Then |E | affinely independent vectors satisfying (8) with
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equality can be constructed as follows. For each e ∈ γ (S), let Ke = {e}; for each e ∈ E\γ (S), we claim that there
exists f ∈ γ (S) such that Ke = {e, f } is an independent path-matching. Clearly, such an edge f always exists if
e 6∈ δ(T1). If e ∈ δ(T1), then the claim follows from the fact that r1({w} ∪ N (u)∩ T1) > 1, where w is the end of e in
T1. Note that each ψKe satisfies (8) with equality and that {ψKe : e ∈ E} is an affinely independent set. Hence, (8) is
facet-inducing.
Case 2: |S ∩ R| = 2.
Suppose that (ii) does not hold. Let v ∈ S ∩ R be such that γ (S) is a proper subset of δ(v). Adding the
degree inequality x(δ(v)) ≤ 2 and the inequalities −xe ≤ 0 for all e ∈ δ(v)\γ (S) gives (8). By Corollary 9,
(8) is not facet-inducing. Conversely, suppose that (ii) holds. Let S ∩ R = {u, v}. If N ({u, v}) ∩ T1 = ∅, then
N (u) = {v} and N (v) = {u}, since G[S ∩ R] is connected. By (iv) of Theorem 12, (8) is facet-inducing. Suppose
that N ({u, v}) ∩ T1 6= ∅. If N (u) ∩ T1 = ∅, say, then δ(v) = γ (S). By (ii) of Theorem 12, (8) is facet-inducing. If
N (w) ∩ T1 6= ∅ for all w ∈ {u, v}, then let u′ ∈ N (u) ∩ T1, v′ ∈ N (v) ∩ T1 and xˆ ∈ RE be such that
xˆe =

1
2
if e ∈ {uu′, vv′};
3
2
if e = uv;
0 otherwise.
It is easy to see that xˆ violates (8) but satisfies all the other cap inequalities and all the degree inequalities, blossom
inequalities, and rank inequalities. Hence, (8) is facet-inducing.
Case 3: |S ∩ R| ≥ 3.
Suppose that (a) does not hold. If |S∩R| is odd, then the blossom inequality x(γ (S∩R)) ≤ |S∩R|−1 shows that (8)
induces the empty face. Suppose that |S∩R| is even. As |S∩R| ≥ 3, there existsw ∈ S∩R such that γ (S)\δ(w) 6= ∅.
LetW = (S\{w})∩R. Adding the degree inequality x(δ(w)) ≤ 2, the blossom inequality x(γ (W )) ≤ |W |−1, and the
inequalities −xe ≤ 0 for all e ∈ δ(w)\γ (S) gives (8). As γ (S) 6= δ(w) and γ (S) 6= γ (W ), (8) is not facet-inducing
by Corollary 9.
Now, suppose that (a) holds but (b) does not. Choose X 6= ∅ such that r1(T1 ∩ X) + |R ∩ X | − oddG[S](X) ≤ 0.
Observe that m := oddG[S](X) ≥ 1. Let O1, . . . , Om denote the vertex-sets of the odd components of G[S] − X
disjoint from T1. Let O = O1 ∪ · · · ∪ Om and S′ = S\(O ∪ (R ∩ X)). Adding the blossom inequalities
x(γ (Oi )) ≤ |Oi | − 1 for all i = 1, . . . ,m, the degree inequalities x(δ(v)) ≤ 2 for all v ∈ R ∩ X , the rank
inequality x(δ(T1 ∩ X)) ≤ r1(T1 ∩ X), the cap inequality x(γ (S′)) ≤ |S′ ∩ R| and the inequalities −xe ≤ 0 for all
e ∈ γ (X) ∪ (δ(X) ∩ δ(S)) ∪ (δ(T1 ∩ X) ∩ γ (S′)) gives x(γ (S)) ≤ d, where
d =
m∑
i=1
(|Oi | − 1)+ 2|R ∩ X | + r1(T1 ∩ X)+ |S′ ∩ R|
= r1(T1 ∩ X)+ |R ∩ X | − oddG[S](X)+ |O| + |R ∩ X | + |S′ ∩ R| ≤ |S ∩ R|.
If γ (S) ⊆ δ(v) for some v ∈ S ∩ R, then we could have X = {v} and |Oi | = 1 for i = 1, . . . ,m and S′ ∩ R = ∅.
Hence, d = 2 < |S ∩ R|, implying that (8) induces the empty face. Suppose that γ (S)\δ(v) 6= ∅ for all v ∈ S ∩ R.
Clearly, γ (S) 6= γ (S′) and γ (S) 6= γ (Oi ) for all i = 1, . . . ,m. Note that γ (S) 6= δ(T1 ∩ X). (This is obvious if
γ (S ∩ R) 6= ∅. If γ (S ∩ R) = ∅, then, as G[S ∩ R] is connected, |S ∩ R| = 1, contradicting our assumption.) It
follows from Corollary 9 that (8) is not facet-inducing.
Now, suppose that (a) and (b) hold but (c) does not hold for some v ∈ R. Let V1, . . . , Vk be the vertex-sets of the
components of G[S] − v disjoint from T1. As (b) holds, |V j | is even for all j = 1, . . . , k. Let S′ = S\(V1 ∪ · · · ∪ Vk)
and W = {v} ∪ V1 ∪ · · · ∪ Vk . Notice that |W | is odd and that |S′ ∩ R| + |W | = |S ∩ R| + 1. Adding the blossom
inequality x(γ (W )) ≤ |W | − 1 and the cap inequality x(γ (S′)) ≤ |S′ ∩ R| gives x(γ (S)) ≤ |S ∩ R|. As (a) holds,
γ (S) is equal to neither γ (S′) nor γ (W ). By Corollary 9, (8) is not facet-inducing.
We now assume that (iii) holds and show that (8) is facet-inducing. Let F be the set of independent path-matching
vectors that satisfy (8) with equality. Let∑
e∈E
cexe ≤ d (9)
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be a non-trivial valid inequality that is also satisfied by every element in F with equality. We show that (9) must be a
positive scalar multiple of (8).
We first show that ce = 0 for every e ∈ E\γ (S). Let e ∈ E\γ (S). Suppose that e 6∈ δ(S). Apply Theorem 2 to
(G ′,M ′1,M ′2), where G ′ = G[S], T1(G ′) = T1, T2(G ′) = ∅, M ′1 = M1, and M ′2 is the empty matroid. By (b), we
see that there exists an independent path-matching K of (G ′,M ′1,M ′2) having value |R(G ′)| = |S ∩ R|. Note that K
and K ∪ {e} are independent path-matchings of (G,M1,M2) with ψK , ψK∪{e} ∈ F and ψK∪{e} = ψK + 2χe. As
both ψK and ψK∪{e} must satisfy (9) with equality, it follows that ce = 0. Now, suppose e = uv ∈ δ(S) with u ∈ S
and v 6∈ S. Consider the independent path-matching problem on (G ′,M ′1,M ′2), where G ′ = (S ∪ {v}, γ (S) ∪ {uv}),
T1(G ′) = T1, T2(G ′) = {v}, M ′1 = M1 and M ′2 is the free matroid. Let r ′i denote the rank function of M ′i for i = 1, 2.
Let X ′ be a cut of G ′. As T1(G ′) and T2(G ′) are non-empty and G ′ is connected, X ′ 6= ∅. We claim that
r ′1(T1(G ′) ∩ X ′)+ r ′2(T2(G ′) ∩ X ′)+ |R ∩ X ′| − oddG ′(X ′) ≥ 1.
Clearly, this is true if X ′ = {v}. Suppose that X := X ′\{v} 6= ∅. Then oddG ′(X ′) ≤ oddG[S](X) and thus,
r ′1(T1(G ′) ∩ X ′)+ r ′2(T2(G ′) ∩ X ′)+ |R(G ′) ∩ X ′| − oddG ′(X ′)
≥ r1(T1 ∩ X)+ |R ∩ X | − oddG[S](X) ≥ 1
by (b). This proves our claim. It now follows from Theorem 2 that there is an independent path-matching K of
(G ′,M ′1,M ′2) having value |R(G ′)| + 1. By Lemma 15, K contains a path joining v and a vertex in T1. Note that the
path contains the edge uv. Hence, K\{uv} is an independent path-matching of (G,M1,M2) having value |S ∩ R|. As
R(G ′) = S ∩ R, we have ψK , ψK\{uv} ∈ F and ψK\{uv} = ψK − χuv . Since both ψK and ψK\{uv} must satisfy (9)
with equality, we must have cuv = 0.
Therefore, ce 6= 0 implies that e ∈ γ (S). We now show that, for all edges e, f ∈ γ (S), we have ce = c f . Suppose
that this is not the case. As G[S ∩ R] is connected, there exists a vertex v ∈ S ∩ R such that ce takes on different
values for edges in δ(v) ∩ γ (S). Form the graph G ′ as follows. Take G[S] and split v into v′ and v′′ such that all the
edges e ∈ δ(v)∩ γ (S) for which ce takes on the minimum value (of the edges in δ(v)∩ γ (S)) are incident with v′ and
all of the others are incident with v′′. Add a new vertex w and the edges wv′ and wv′′. Now, consider the independent
path-matching problem on (G ′,M ′1,M ′2), where T1(G ′) = T1, T2(G ′) = {w}, M ′1 = M1 and M ′2 is the free matroid.
Let r ′i denote the rank function of M ′i for i = 1, 2. Notice that |R(G ′)| = |S ∩ R| + 1. Let X ′ be a cut of G ′. Observe
that X ′ 6= ∅. We claim that
r ′1(T1(G ′) ∩ X ′)+ r ′2(T2(G ′) ∩ X ′)+ |R(G ′) ∩ X ′| − oddG ′(X ′) ≥ 1.
Clearly, this is true if X ′ = {w}. Assume that X ′ 6= {w}.
Let
X˜ =
{
X ′\{v′, v′′, w} ∪ {v} if X ′ ∩ {v′, v′′} 6= ∅;
X ′\{w} otherwise.
Clearly, ∅ 6= X˜ ⊆ S. We see from (b) that, to prove the claim, it suffices to show that
r ′1(T1(G ′) ∩ X ′)+ r ′2(T2(G ′) ∩ X ′)+ |R(G ′) ∩ X ′| − oddG ′(X ′) ≥ r1(T1 ∩ X˜)+ |R ∩ X˜ | − oddG[S](X˜).
Note that r ′1(T1(G ′)∩ X ′) = r1(T1∩ X˜), r ′2(T2(G ′)∩ X ′) = |X ′∩{w}|, and |R(G ′)∩ X ′| ≥ |R∩ X˜ |. Hence, it suffices
to show that
oddG ′(X
′) ≤ oddG[S](X˜)+ |X ′ ∩ {w}|. (10)
We consider two cases.
Case 1: X ′ ∩ {v′, v′′} 6= ∅.
Without loss of generality, assume that v′ ∈ X ′. Ifw 6∈ X ′, then oddG ′(X ′) ≤ oddG[S](X˜). (Indeed, if v′′ ∈ X ′, then,
clearly, oddG ′(X ′) = oddG[S](X); otherwise, it follows from the fact that, as v′′w ∈ E(G ′), every odd component of
G ′ − X ′ disjoint from T1(G ′) ∪ T2(G ′) cannot contain v′′ and, therefore, is an odd component of G − X˜ .) If w ∈ X ′,
then every odd component of G ′ − X ′ not containing v′′ and disjoint from T1(G ′) ∪ T2(G ′) is an odd component of
G − X . It follows that oddG ′(X ′) ≤ oddG[S](X)+ 1. Hence, (10) holds.
Case 2: X ′ ∩ {v′, v′′} = ∅.
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If w 6∈ X ′, then oddG ′(X ′) ≤ oddG[S](X ′) = oddG[S](X˜). If w ∈ X ′, then observe that, if we identify the vertices
v′ and v′′ in G ′ − X ′, the number of odd components disjoint from T1(G ′) ∪ T2(G ′) cannot go down by more than 1.
It follows that oddG ′(X ′) ≤ oddG[S](X)+ 1. Hence, (10) holds. This completes the proof of our claim.
Applying Theorem 2 to (G ′,M ′1,M ′2), we see that there exists an independent path-matching K of (G ′,M ′1,M ′2)
having value |R(G ′)| + 1 = |S ∩ R| + 2. By Lemma 15, K contains a path joining w and a vertex in T1. Furthermore,
every vertex in S∩ R(G ′) is incident with some edge in K . Now, K contains exactly one edge in {wv′, wv′′}. Without
loss of generality, assume that wv′ ∈ K . Let pv′ 6= wv′ denote the other edge in K incident with v′. Let qv′′ denote
the edge in K incident with v′′. (Note that pv′ is not a matching edge and qv′′ may or may not be a matching edge.)
Let K ′ = K\{wv′, pv′, qv′′}. Let
K1 = K ′ ∪ {qv} and K2 =
{
K ′ ∪ {pv, qv} if qv′′ is a matching edge of K ,
K ′ ∪ {pv} otherwise.
Observe that K1 and K2 are independent path-matchings of (G,M1,M2) and ψK1 , ψK2 ∈ F . Furthermore,
ψK1 = ψK2 + χqv − χ pv . Since cpv 6= cqv , ψK1 and ψK2 cannot both satisfy (9) with equality. This contradiction
completes the proof. 
2.5. Rank inequalities
We first prove two technical lemmas.
Lemma 17. Let i ∈ {1, 2} and k > 0 be an integer. Let U ⊆ Ti . Then G has an independent path-matching K ⊆ δ(U )
having value k if and only if, for every subset A of U,
ri (A)+ r3−i (N (U\A) ∩ T3−i )+ |N (U\A)\T3−i | ≥ k.
Proof. By symmetry, it suffices to prove the lemma for i = 1. Consider the independent path-matching problem on
(G ′,M ′1,M ′2) with G ′ = G[δ(U )], T1(G ′) = U , T2(G ′) = N (U ), M ′1 = M1\(T1\U ), and M ′2 = M2\(T2\N (U ))⊕
M , where M is the free matroid on N (U )\T2. Note that R(G ′) = ∅.
Observe that every independent path-matching of (G ′,M ′1,M ′2) having value k is an independent path-matching
K ⊆ δ(U ) of (G,M1,M2) having value k and conversely. By Theorem 2, there exists an independent path-matching
of (G ′,M ′1,M ′2) having value k if and only if
min
X,a cut
(r ′1(U ∩ X)+ r ′2(N (U ) ∩ X)) ≥ k.
Note that the minimum is attained by a cut X of the form A ∪ N (U\A) for some A ⊆ U . To see this, let X ′ be
any minimizer. Let A = U ∩ X ′ and let X¯ = A ∪ N (U\A). Observe that X¯ is a cut of G ′ and X¯ ⊆ X ′. Hence,
r ′1(U ∩ X¯) + r ′2(N (U ) ∩ X¯) ≤ r ′1(U ∩ X ′) + r ′2(N (U ) ∩ X ′), implying that X¯ is also a minimizer. Therefore, there
exists an independent path-matching of (G ′,M ′1,M ′2) having value k if and only if r ′1(A) + r ′2(N (U\A)) ≥ k for all
A ⊆ U . As r ′1(A) = r1(A) and r ′2(N (U\A)) = r2(N (U\A)∩ T2)+ |N (U\A)\T2| for all A ⊆ N (U )∩ T2, the result
follows. 
Lemma 18. Let G = (V, E) be a bipartite graph with bipartition (T1, T2). Let M1 and M2 be loopless matroids on
T1 and T2, respectively. Let r = min{r1(T1), r2(T2)}, where ri is the rank function of Mi for i = 1, 2. Suppose that,
for every i ∈ {1, 2},
ri (A)+min{ri (Ti\A), r3−i (N (Ti\A))} ≥ r
for every A ⊆ Ti with equality only if A = ∅ or A = Ti . Then the inequality x(E) ≤ r induces a facet of
IP(G,M1,M2).
Proof. We reduce the problem to a problem on the common independent set polytope via a trick. For i = 1, 2, define
r ′i : 2E → Z as follows: for every S ⊆ E , r ′i (S) = ri (A), where A = {u ∈ Ti : S ∩ δ(u) 6= ∅}. Observe that r ′i is
the rank function of the matroid M ′i on E derived from Mi by replacing each v ∈ Ti with elements in δ(v) as parallel
elements. Consider any S ⊆ E . Observe that S is an independent path-matching of (G,M1,M2) if and only if S is a
common independent set of M ′1 and M ′2. Hence, IP(G,M1,M2) = CP(M ′1,M ′2). To prove the lemma, it suffices to
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show that x(E) ≤ r induces a facet of CP(M ′1,M ′2). Let r ′(S) = min{r ′1(S), r ′2(S)}. By Theorem 7, it suffices to show
that there is no partition of E into proper subsets S1 and S2 with r ≥ r ′(S1)+ r ′(S2).
Suppose that there exist non-empty S1, S2 ⊆ E partitioning E such that r ≥ r ′(S1) + r ′(S2). Without loss
of generality, assume that r ′(S1) = r ′1(S1). Let A = {u ∈ T1 : S1 ∩ δ(u) 6= ∅}. Note that r ′1(S1) = r1(A),
r ′1(S2) ≥ r1(T1\A), and r ′2(S2) ≥ r2(N (T1\A)). Hence,
r ≥ r ′(S1)+ r ′(S2) ≥ r1(A)+min{r1(T1\A), r2(N (T1\A))}.
As A 6= ∅, we must have A = T1. However, as S2 6= ∅ and M ′1,M ′2 are loopless, we have r ′(S2) > 0. Hence,
r ≥ r ′(S1)+ r ′(S2) > r ′1(S1) = r1(A) = r1(T1) ≥ r , which is a contradiction. 
We are now ready to determine which rank inequalities are facet-inducing.
Theorem 19. Let i ∈ {1, 2}. Let U ⊆ Ti . For each B ⊆ N (U ), define f (B) := r3−i (B ∩ T3−i ) + |B\T3−i |. The
inequality
x(δ(U )) ≤ ri (U ) (11)
is facet-inducing if and only if all of the following are satisfied:
(i) U is closed (with respect to Mi );
(ii) for every non-empty proper subset A of U,
ri (A)+min{ri (U\A), f (N (U\A))} > ri (U );
(iii) for every non-empty proper subset B of N (U ),
f (B)+min{ f (N (U )\B), ri (N (N (U )\B) ∩U )} > ri (U );
(iv) f (N (U )) ≥ ri (U ) with equality only if N (U ) ⊆ T3−i , δ(N (U )) = δ(U ), and N (U ) is closed (with respect to
M3−i ).
Proof. By symmetry, we may assume that i = 1. We first show necessity. Suppose that (i) does not hold. LetU ′ ⊆ T1
be such that U ′ is a proper superset of U and r1(U ′) = r1(U ). As G has no isolated vertices, δ(U ′) 6= δ(U ). Adding
the rank inequality x(δ(U ′)) ≤ r1(U ′) and the inequalities−xe ≤ 0 for all e ∈ δ(U ′)\δ(U ) gives (11). By Corollary 9,
(11) is not facet-inducing.
Suppose that (ii) does not hold for some non-empty proper subset A of U . Note that δ(U ) 6= δ(A) and δ(U ) 6=
δ(U\A). If r1(A)+r1(U\A) = r1(U ), then adding the rank inequalities x(δ(A)) ≤ r1(A) and x(δ(U\A)) ≤ r1(U\A)
gives (11). By Corollary 9, (11) is not facet-inducing. Suppose that r1(A) + f (N (U\A)) ≤ r1(U ). As A is non-
empty, r1(A) > 0 and, thus, f (N (U\A)) < r1(U ). Let B = N (U\A) ∩ T2 and S = (N (U\A)\T2) ∪ T1. Let C =
δ(U )\(δ(B)∪γ (S)). IfC = ∅, then adding the rank inequality x(δ(B)) ≤ r2(B), the cap inequality x(γ (S)) ≤ |S∩R|,
and the inequalities−xe ≤ 0 for all e ∈ (δ(B)∪γ (S))\δ(U ) gives x(δ(U )) ≤ f (N (U\A)), implying that (11) induces
the empty face. Suppose that C 6= ∅. Then adding the rank inequalities x(δ(A)) ≤ r1(A), x(δ(B)) ≤ r2(B), the cap
inequality x(γ (S)) ≤ |S∩ R| and the inequalities−xe ≤ 0 for all e ∈ ((δ(B)∪γ (S))\δ(U ))∪ (δ(A)∩ (δ(B)∪γ (S)))
gives the inequality x(δ(U )) ≤ d for some d ≤ r1(U ). By Corollary 9, (11) is not facet-inducing.
Suppose that (iii) does not hold for some non-empty proper subset B of N (U ). Let B¯ = N (U )\B. Let B ′ = B∩T2,
B ′′ = B¯∩T2, S′ = (B\T2)∪T1, and S′′ = (B¯\T2)∪T1. Observe that δ(U ) is equal to none of δ(B ′), δ(B ′′), γ (S′), and
γ (S′′). If f (B)+ f (B¯) ≤ r1(U ), then adding the rank inequalities x(δ(B ′)) ≤ r2(B ′) and x(δ(B ′′)) ≤ r2(B ′′), the cap
inequalities x(γ (S′)) ≤ |S′∩R| and x(γ (S′′)) ≤ |S′′∩R|, and the inequalities−xe ≤ 0 for all e ∈ (δ(B∩T2)∪γ (S′) ∪
γ (S′′))\δ(U ) gives the inequality x(δ(U )) ≤ f (B)+ f (B¯). By Corollary 9, (11) is not facet-inducing. Suppose that
f (B)+ r1(N (B¯)∩U ) ≤ r1(U ). As B 6= ∅, r1(N (B¯)∩U ) < r1(U ). It follows that U\(N (B¯)∩U ) 6= ∅. Adding the
rank inequalities x(δ(B ′)) ≤ r2(B ′), x(δ(N (B¯) ∩U )) ≤ r1(N (B¯) ∩U ), the cap inequality x(γ (S′)) ≤ |S′ ∩ R|, and
the inequalities −xe ≤ 0 for all e ∈ ((δ(B ′)∪ γ (S))\δ(U ))∪ (δ((N (B¯)∩U ))∩ (δ(B ′)∪ γ (S))) gives the inequality
x(δ(U )) ≤ f (B)+ r1(N (B¯) ∩U ). By Corollary 9, (11) is not facet-inducing.
Suppose that (iv) does not hold. It is easy to see that, if f (N (U )) < r1(U ), then (11) induces the empty face.
Hence, assume that f (N (U )) ≥ r1(U ). If f (N (U )) = r1(U ) and it is not true that N (U ) ⊆ T2 and δ(N (U )) = δ(U ),
then adding the rank inequality x(δ(N (U ) ∩ T2)) ≤ r2(N (U ) ∩ T2), the cap inequality x(γ (S)) ≤ |S ∩ R|, where
S = (N (U )\T2) ∪ T1, and the inequalities −xe ≤ 0 for all e ∈ δ(N (U ))\δ(U ) gives (11). By Corollary 9, (11) is
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not facet-inducing. If f (N (U )) = r1(U ), N (U ) ⊆ T2, δ(N (U )) = δ(U ), and r2(U ′) = r2(N (U )) for some U ′ ⊆ T2
such that U ′ is a proper superset of N (U ), then adding the rank inequality x(δ(U ′)) ≤ r2(U ′) and the inequalities
−xe ≤ 0 for all e ∈ δ(U ′)\δ(U ) gives (11). By Corollary 9, (11) is not facet-inducing.
We now show sufficiency. Let F be the set of independent path-matching vectors that satisfy (11) with equality.
Let ∑
e∈E
cexe ≤ d (12)
be a non-trivial valid inequality that is also satisfied by every element in F with equality. We show that (12) must be
a scalar multiple of (11).
We first show that cuv = 0 for every uv ∈ E\δ(U ).
Suppose that f (N (U )) = r1(U ). Then, by (iv), N (U ) ⊆ T2, δ(N (U )) = δ(U ), and N (U ) is closed. It is easy
to see from (ii) and (iv) that r1(A) + r2(N (U\A) ∩ T2) + |N (U\A)\T2| = r1(A) + f (N (U\A)) ≥ r1(U ) for all
A ⊆ U . It follows from Lemma 17 that there exists an independent path-matching K ⊆ δ(U ) of (G,M1,M2) having
value r1(U ). As both U and N (U ) are closed and uv is not incident with any vertex in U ∪ N (U ), K ∪ {uv} is also
an independent path-matching of (G,M1,M2). But ψK , ψK∪{uv} ∈ F and they differ only in the uv-coordinate. As
ψK and ψK∪{uv} must also satisfy (12) with equality, we have cuv = 0.
Now, suppose that f (N (U )) > r1(U ). Without loss of generality, assume that u ∈ R ∪ T1\U and v ∈ R ∪ T2.
Consider the independent path-matching problem on (G ′,M1,M ′2), where G ′ = G−v and M ′2 =
{
M2 if v ∈ R,
M2/v if v ∈ T2 . Let
r ′2 denote the rank function of M ′2. We claim that, for every A ⊆ U ,
r1(A)+ r ′2(NG ′(U\A) ∩ T2(G ′))+ |NG ′(U\A)\T2(G ′)| ≥ r1(U ). (13)
Clearly, (13) holds for A = U . Suppose that A is a proper subset of U . If v ∈ T2, then
|NG ′(U\A)\T2(G ′)| = |NG(U\A)\T2|
and
r ′2(NG ′(U\A) ∩ T2(G ′)) = r2(NG ′(U\A) ∩ T2(G ′) ∪ {v})− 1 ≥ r2(NG(U\A) ∩ T2)− 1.
If v ∈ R, then
|NG ′(U\A)\T2(G ′)| ≥ |NG(U\A)\T2| − 1
and r ′2 = r2. In any case, we have
r1(A)+ r ′2(NG ′(U\A) ∩ T2(G ′))+ |NG ′(U\A)\T2(G ′)| ≥ r1(A)+ f (NG(U\A))− 1 ≥ r1(U )
by (ii) and (iv). This proves the claim. It now follows from Lemma 17 that there exists an independent path-matching
K ⊆ δ(U ) of (G ′,M1,M ′2) having value r1(U ). (Note that K does not have any matching edge.) It is not difficult to
see that K and K ∪ {uv} are independent path-matchings of (G,M1,M2) such that ψK , ψK∪{uv} ∈ F . As ψK and
ψK∪{uv} must also satisfy (12) and they differ only in the uv-coordinate, we have cuv = 0.
Thus, ce = 0 for all e 6∈ δ(U ). Consider the independent path-matching problem on (G ′,M ′1,M ′2), where
G ′ = G[δ(U )], T1(G ′) = U , T2(G ′) = N (U ), M ′1 = M1\(T1\U ), and M ′2 = M2\(T2\N (U )) ⊕ M , where M is
the free matroid on N (U )\T2. Observe that M ′2 has rank function f . Note that, by Lemma 13, IP(G,M1,M2)|δ(U ) =
IP(G ′,M ′1,M ′2). As E(G ′) = δ(U ), and (ii), (iii), and (iv) hold, it follows from Lemma 18 that x(δ(U )) ≤ r1(U )
induces a facet of IP(G ′,M ′1,M ′2). As supp(c) ⊆ δ(U ) and {x ∈ IP(G ′,M ′1,M ′2) : x(δ(U )) = r1(U )} ⊆ {x ∈
IP(G ′,M ′1,M ′2) : cT x = d}, by Corollary 10, cT x ≤ d is a positive scalar multiple of x(δ(U )) ≤ r1(U ). 
3. Final remarks
One can see from the proofs that the non-facet-inducing inequalities among (3)–(7) either induce the empty face or
can be written as integer linear combinations of other inequalities among (3)–(7). As (3)–(7) give a TDI system, the
facet-inducing inequalities also give a TDI system.
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